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ABSTRACT

The authors establish a set of presumably newteesuhich provide Laplace transform of power ser&sin this
paper the author try to evaluate Laplace transioffrsome challenging functions by expressing thera asm of infinitely
terms. Hence, the method is useful to and the kaptaansform of functions that do not have elemgntaplace

transformations.
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INTRODUCTION

The Laplace transform is one of the most importaegral transforms. Because of a number of special

properties, it is very useful in studying lineaffeliential equations.
The Laplace transform is named after mathematier@hastronomer Pierre-

Simon Laplace, who used a similar transform (nolkedahe z-transform) in his work on probabilityetiry.[2]
The current widespread use of the transform (mamlgngineering) came about during and soon afterlhWar 1l [3]
although it had been used in the 19th century bgl Akerch, Heaviside, and Bromwich.

The early history of methods having some similatd@ylLaplace transform is as follows. From 1744, ieard
Euler investigated integrals of the form as sohgi@f differential equations but did not pursue mhatter very far. [4]
Joseph Louis Lagrange was an admirer of Euler ianitis work on integrating probability density fuions, investigated
expressions of the form which some modern histaridrave interpreted within modern Laplace transform

theory.[5][6][clarification needed]
These types of integrals seem first to have a#thtaplace's attention in

1782 where he was following in the spirit of Eulerusing the integrals themselves as solutionsgaions.[7]
However, in 1785, Laplace took the critical stepMard when, rather than just looking for a solutiarthe form of an
integral, he started to apply the transforms ingéese that was later to become popular. He uséategral of the form
akin to a Mellin transform, to transform the wholfea difference equation, in order to look for smuos of the transformed
equation. He then went on to apply the Laplacestam in the same way and started to derive somis giroperties,

beginning to appreciate its potential power. [8]

Laplace also recognized that Joseph Fourier's rdetfid-ourier series for solving the diffusion eqoatcould
only apply to a limited region of space becauses¢hsolutions were periodic. In 1809, Laplace applies transform to

find solutions that diffused indefinitely in spaj&3.
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Definition
The Laplace transform of the functign(0,«) — R is given by:
LF®) = J, e~ f () dt
Wheres € R is any real number such that the integral abowweges?
Definition
A power series is a series of the form
Y o anXx™ = ag + a;x + ax? + azxd + -+ ax™ + -
Definition

Maclaurin Series expansion of the functjofx) is:

00 = Bpmo i = £(0) + £ (O)x + L2021 L D3y
Definition
The gamma function, whose symliik) is defined; whes > 0 by the formula:
I'=["e™x" 'dx
LAPLACE TRANSFORM OF POWER SERIES
Theorem: (Laplace Transform of Power Series)
If f(t) has a power series expansion of,athere isc any constant € R;
Its Taylor’'s series expansion is:
f@) = Xa=oan(t — )"
Then; the Laplace transform f{t) is given in the form of power series as:
L(f(®) = LER=0 an(t — O™

R 1 I'(n+1)
- Zn=0 ane? s+l

If £(t) has a power series expansion @f #ten the power series expansiorf ¢f) is given by:
f(®) = X0 ant™
Then the Laplace transform §¢t) is defined by:

L(f(®) = L(E7=0 ant™

 ow I'(n+1)
= Yn=00n i
n=0"n .n+1
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Proof

Supposg (t) has a power series expansiot at

f(©) = Xq-o ant™

Then:
L(f(®) = LER=0 an(t — O™
= [, (€™ oo an(t — )™ dt
= [ Croo e an(t — o)™ dt
=Yoo Jy (€™ an(t — o)) dt
=¥r oa, fowe_“(t —o)*dt
let,x=t—c,2t=x+canddt =dx
= L(f (1)) = LE5=0 an(t — ™)
=¥ ,a, fowe—s(x+c)xn dx
=Y oy fooo e XS x™ dx
=Y*_ a,e"5¢ fowe—sxxn dx

_ec I(n+1)
— 0 sc
- ZTI.:O ane gn+1

Yo 1 I'(n+1)
- Zn:O an; SN+l

Note: In particular, fom = 1,2,3, ...
rn+1) =n!

In this case:

1 n!
L0 an(t = ") = B0 @y iy

Supposg (t) has a power series expansio ais given by:

f(©) = Xq-o ant™

By using the definition of Laplace transforms,
L(f(®) = L(E7=0 ant™
= [, (e~ Tno ant™) dt

= fow(zﬁzo e Sta,t™) dt
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s} 0 -
=¥, fo (e Sta,t") dt
— Vo ® S —styn
= Yn=00n J, et dt

F(n+1)
_Zn 0 n sn+1

Note: In particular, fom = 1,2,3, ...
'n+1) =n!

Hence,

n!

L(Zﬁ:oant )_ n 0%n n+1
Examplel
Find the Laplace transform ¢{t) = et”, after expanding to power series form

Solution

The power series expansion of

th

fO) =et =35,

= £(Zi0 )

= [ (e Spao ) dt

= 7 (Spooe ) dt
feoly (e ) at

= Ticom Jy (e t*) dt

Let2n=m

=>[/( n= otzn)z n=0 |f (e_Sttm)dt

n!

1 I'(m+1)
—Zn 0. nl sm+1

1Tr(2n+1)
- Zn 0 s2n+l

Example 2

Find the Laplace transform gft) = Sl—"t after expanding to power series form

Solution

The power series expansion of:
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sint

f(t)ZT

t3 5 t7
tarteat

3t st 7
tzn
R o 1) _1\n
= Xn=o(-1) (2n+1)!

Hence L(f(t)) = £ (Zﬁ:o(—l)n p2n )

(2n+1)!

= [ et (o (D" = de
0

(2n+1)!

th

= Tieol-1)" f; e~

(2n+1)!

_ oy (_qyn_TentD
_Zn=0( 1) (2n+1)s2n+1

CONCLUSIONS

. . . . 2 int
The results on Laplace transform of power seriessammarized as follow§ome functions likeet", *— and

son on are difficult to get their Laplatansform. Hence it is possible to transform sugitcfions to Laplac&ansform by

expanding them into power series form as:

1 I'(n+1)

L(f(t)) = 2%:0 an oSC gn+1

Where,f(t) = Yp_oan(t — )™, c € R.

T'(n+1)

L(f(t)) = Zﬁ:ﬂ an sn+1

Where,f(t) = Yg—o ant™
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